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Introduction

The elastic properties of microtubules play a major role in determinig the

elastic properties of the cell. Their investigation involves several disciplines

ranging from biology to biochemistry, molecular biophysics and material sci-

ence. The latest 20 years have seen an enormous increase in the number of

papers dedicated to the subject, mostly because of the improved experimental

conditions, in particular with the advent of single molecule techniques, but

also for the implications of microtubules in cell division, whose impairment

often marks the onset of cancer. It is therefore quite difficult to reconstruct

what is actually known and what still remains to be ascertained. This is

particularly challenging because of the wide variety of conditions in which

microtubules are grown, including their interactions with drugs molecules

that may alter their elastic properties.

In this thesis work, we have tried to take this challenge and to propose

also a simulation protocol for further investigations in an effort to bridge

microscopic properties with macroscopic observables.

The structure of the thesis resembles the organization of the material

found in original research papers and its classification, always at the cut-

ting edge between experiments, theoretical models and computer simula-

tions. The first chapter is dedicated to a brief overview of the biology of

microtubules, what they are and what they are responsible for in a cell.

The second chapter describes the results found in literature, including ex-
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periments, theoretical models and attempts in computer simulations. The

review cannot be complete; however, we have tried to offer a comprehen-

sive report and to compare results, whenever possible. The third chapter

contains our original contribution in the investigation of the elastic proper-

ties of microtubules. We have tried to construct a computational protocol

that, starting from all-atoms molecular dynamics simulations, defines the

parameters for a coarse grained model that can be employed to measure the

stress-strain relation and, eventually, other observables that can be directly

compared with experimental measurements. We also explain the reason for

the choice of a specific open-source software (LAMMPS) for the implementa-

tion of our coarse grained simulations. Details on the input parameters and

scripts for LAMMPS can be found in Appendix.



Chapter 1

Biological overview

All life forms on Earth are characterised by a building block known as

the cell. The cell is the basic structural and functional unit of life, which can

replicate itself independently.

There are two types of cells, a categorisation based on their inner struc-

ture: eukaryotic and prokaryotic ones. Usually, the former ones are bigger

and more complex in their internal arrangement than the latter: eukaryotic

cells are defined by the presence of a nucleus, a membrane-bounded region

which contains most of the cell’s genetic material, whilst in prokaryotic ones

DNA does not have a real separation from the rest of the cell’s contents,

which is collectively called cytoplasm in both cases.

In eukaryotics, moreover, there are other membrane-bounded compart-

ments in the cytoplasm, the so called organelles, such as mitochondria, Golgi

vesicles, chloroplasts (for plants cells, particularly) and others, in which spe-

cific metabolic activities take place [1]. In figure 1.1 a sketch of a eukaryotic

animal cell and of a prokaryotic bacterium is shown. It is self-evident the

lack of separation in the prokaryotic case among different components and

the nucleoid loosed in the middle.

Far from being a structureless fluid soup, the part of cytoplasm surround-
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(a) Eukaryotic cell

(b) Prokaryotic cell

Figure 1.1: Schematic representation of the two main types of cells.

ing the aforementioned organelles is known as the cytosol : it hosts an efficient

and complex transport network which carries out the overwhelming number

of tasks that are needed to be accomplished in order to let the cell live. This

network is known as the cytoskeleton, it also confers mechanical integrity

upon the cell itself and anchors organelles in place. It is made of long poly-

meric structures, such as actin filaments and microtubules, linked together

by a large collection of accessory proteins [2].

A better understanding of how a cell works requires the investigation of
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its components. In this thesis I will focus on cytoskeleton building blocks,

microtubules indeed, and their elastic properties.

1.1 What are Microtubules?

Microtubules are considered in literature the most rigid cytoskeletal ele-

ments. They have been observed and first reported in 1963 and since then

they have been investigated in order to unfold their biomechanical properties.

They own their name to their shape: indeed they are hollow cylindrical

filaments (fig. 1.2) with inner and outer diameters of 17 nm and 25 nm,

whilst their length varies in a range of 1− 10 µm in cells and of 50− 100 µm

in axons. Their structure is nowadays known with an 8 Å resolution [3] and

can be represented as in the following picture.

(a) Lateral view. (b) Cross-section.

Figure 1.2: Microtubule with a 13_3 architecture.

Microtubules consist of α − β tubulin heterodimers, shown in fig. 1.3,

that are 8 nm long and stacked end-to-end to form protofilaments, which in

turn are bound laterally in order to achieve the tubular shape. Although

these protofilaments are all parallel among themselves, each one is shifted

with respect to its neighbours along the microtubule axis thus resulting in a
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(left-handed) helical order in the lateral direction. This feature can be ap-

preciated in fig. 1.2 and it is measured by the helix-start number S which is

the longitudinal displacement (in units of monomer size) reached in one full

lateral turn[4]. Thus, a microtubule is characterised by the notation N_S,

where N is the number of protofilaments composing it. There is a quite wide

variety of N and S observed in vivo and in vitro, from 8 to 17 and 2 to 4

respectively, but the most common one is the 13_3 and it is the object of

investigation in this work. Table 1.1 reports the three most populated con-

figurations [5] with their respective occurrence probabilities and distances

between two monomers along one protofilament.

N_S p (%) a (nm)
12_3 3.169 4.04
13_3 83.611 4.05
14_3 11.647 4.05

Table 1.1: Percentage of different most common MT types.

The other configurations are not shown in the previous table, since they

account for less then 2% of microtubules’ population.

How microtubules grow inside the cell, it is still matter of debate in

the scientific community, but it is widely accepted that they are assembled

by adding dimers to the plus end, a convention to identify the β-tubulin

monomer, whilst α-tubulin is the minus end. Both monomers have a globu-

lar tertiary structure and are strikingly similar in their sequence of residues

[6]: they have a binding site for Guanosine-5’-triphosphate (GTP) at the

interfaces with the following monomer, but only the nucleotide bound to

the β-tubulin is hydrolysed into Guanosine-5’-diphoshate (GDP) during mi-

crotubules polymerization. In fig. 1.3 GTP and GDP are highlighted in

green and blue respectively. As pointed out by Nogales [7], the interaction
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between monomers along a protofilament , the so called intra-protofilament

interaction, is due to their surfaces in contact, which show wide shape com-

plementarities. Therefore, these nucleotides must have an important role in

the α− β and β − α interplay by tuning the strength of monomers’ binding.

Figure 1.3: Heterodimer of tubulin (PBD ID: 1JFF). α-tubulin is shown in orange,
β-tubulin in red, whilst GTP is in green, GDP in blue and Taxol in cyan.

Inter -protofilament interactions, instead, are established between mon-

omers of the same type, except for odd shift S microtubules that feature

a seam. The binding involves lateral segments of the monomers, the so

called loops, which are part of the peptide chain but do not have a secondary

structure and, therefore, they can move quite freely in order to link the two
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players. In particular, a well-studied loop is the β-tubulin M-loop because of

its proximity to a drug binding site, which hosts compounds such as Taxol (in

fig. 1.3 the cyan ligand), that modify locally the lateral interaction and affect

the global properties of the microtubule. Other pockets of pharmaceutical

interest are available in both monomers, but their ligands usually prevent

microtubule’s polymerization and therefore are not relevant for the purpose

of this work.

1.2 Microtubules role in a cell

As mentioned above, microtubules are one of the three major classes

of the cytoskeletal filaments. They carry out different biological functions

of paramount importance for cell life and mostly related to their intrinsic

stiffness.

Figure 1.4: Fluorescence image of cells, where MTs are in green, F-actin in red and
the nuclei in blue.
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Firstly, with F-actin and other intermediate filaments they constitute a

complex network that covers all the cell, as shown in fig. 1.4. The tubular

shape provides a high strength and stiffness with low density, thus allowing

microtubules to be the scaffold of the network and they confer mechanical

stability to the cell. Their ability to resist to external stresses from and to ex-

ert loads to the bilayer membrane is shown in a paper by Fygenson [8], where

several microtubules are allowed to polymerize inside an artificial vesicle with

proper biological conditions. The spherical membrane is gradually distorted

reaching an elongation of several micrometers with the result displayed in

fig.1.5.

Figure 1.5: Photomicrograph of a vesicle deformation at different time steps. Image
height is equal to 10µm.

The structural integrity is not the only task microtubules perform. Due

to the pervasiveness of the network that is responsible for their resilience,

they are used as railways in order to transport different kinds of cargoes

wherever needed in the cell. Because of their size, which is too large to allow

a spontaneous diffusion, organelles and vesicles are moved on a microtubule

by motor proteins, such as kinesin or dynein: both walk unidirectionally but

towards the plus and the minus microtubule’s end respectively in order to

deliver the cargo where it is required by the cell physiology.

These so-called molecular motors act in partnership with microtubules

in performing other functions as well. For instance, dynein induces a sliding

motion among microtubules doublets collected in a bundle, known as cilium,
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Figure 1.6: Representation of molecular motors along a microtubule.

and this triggers the cilia movements or their response as cellular antennas,

depending on the actual kind of cilium involved.

On the other hand, kinesin assists microtubules in the third but not less

important role these filaments have: the cell division. Cell reproduction oc-

curs by the splitting of a parent cell into two daughters, whose genetic content

can be either the same of the original cell (mitosis) or halved (meiosis). Al-

though only mitosis will be introduced, both division paths are characterised

by the presence of a spindle apparatus, a cellular structure, mainly made by

microtubules, which occupies all the cell’s volume. Microtubules polymeriza-

tion starts from two centrosomes, known as microtubules organising centres,

and spreads into two directions: polar microtubules reach the chromosome

doublets in the middle of the cell in an antiparallel fashion and attach to

them, whilst astral microtubules bind the spindle poles to the cellular mem-

brane. When this arrangement is obtained, microtubules pull away their own
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attached chromatids, they are depolymerized and the cell divides.

Figure 1.7: Sketch of the mitotic spindle apparatus.

This is the task that makes microtubules an interesting research topic

both in a biological and physical perspective. Indeed, their role in cell division

is what is targeted by many anticancer drugs, as already mentioned above.

Cancer cells are, in fact, characterised by a high rate of replication, which al-

lows them to spread rapidly into tissues, thus setting the onset of the disease.

Taxol-like drugs modify the elastic properties of microtubules by stabilising

their structure and, therefore, hinder cell reproduction. These pharmaceu-

tical compounds, alongside with other microtubules associated proteins and

organic molecules as glutaraldehyde, affect the global behaviour of micro-

tubules, although they act locally.

Lastly, there is also a technological interest in these macromolecules: re-

cently a proof-of-concept demonstration of a parallel computational system,

which uses molecular-motor-propelled agents (such as microtubules) in order

to solve mathematical problems, has been proposed [9]. A system like this
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has the advantage of being more scalable than other approaches, like DNA

or microfluidics-based computation and less power consuming with respect

to conventional systems, since they use ATP as their power source.

Therefore, the elastic properties of microtubules are extremely important

in order to control their roles, either in cells or in technological applications.

These can be correctly described in terms of physical laws and theoretical

models that will be the subject of the following chapters.



Chapter 2

Elastic properties: state of the art

Microtubules are cylinder-like polymers, whose length is orders of mag-

nitude greater than their diameter. Thus, they can be thought as one-

dimensional filaments for which a persistence length can be defined. More-

over, with respect to their mechanical response, they can be treated in first

approximation as an elastic rod, characterised by a Young’s modulus and

bending stiffness.

In this chapter we would like to give an overview of the state of the art

available in literature, although it cannot be comprehensive of the whole

research materials on this topic.

The chapter is organised as follows: first, the theoretical framework that

deals with polymers and their properties will be outlined, with a focus on the

definitions and the the constitutive relations between the persistence length

and the Young’s modulus; second, the most significative experiments will

be sketched in order to state the matter of debate in the scientific commu-

nity; last, a summary of the most interesting simulations of the microtubules

performed up to now will be described.

18



2.1 Theoretical Background 19

2.1 Theoretical Background

As already stated, microtubules can be seen as one-dimensional curves

in space. Given Lc the total contour length of the polymer, the curve is

parametrized by the vector r(s), in a suitable frame of reference, function

of the arc length s ∈ [0, Lc], and at each point of the curve a unit tangent

vector t(s) can also be obtained:

t(s) =
∂r(s)
∂s

/∣∣∣∣∂r(s)∂s

∣∣∣∣ . (2.1)

Figure 2.1: Microtubule’s contour length can be described as a space curve with
t(s) as tangent vector.

In the description of a polymer filament the main material parameter is

its persistence length, defined as

〈t(s) · t(s′)〉 = exp
(
−|s− s

′|
lp

)
, (2.2)

i.e. it is the typical length over which correlations of the tangent vectors of

the filaments contour decay.

By means of the previous definition, eq. 2.2, polymers are classified as:
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• flexible, when their persistence length is small compared to the total

length Lc, i.e. lp � Lc;

• semi-flexible, if the two lengths are comparable, lp ≈ Lc.

While flexible polymers are well described by the minimal model of the

Gaussian chain, in which entropic effects dominate the dynamics, polymers

of biological interest are stiffer and, hence, belong to the semi-flexible group.

They are described by the Worm-Like Chain model, introduced by Kratky

and Porod [10], which captures most of their physics except for self-avoidance.

Polymers are regarded as inextensible continuous filaments governed by their

effective free energy

HWLC [t(s)] =
κ

2

∫ Lc

0

ds

∣∣∣∣∂t(s)∂s

∣∣∣∣2 (2.3)

where ∂t(s)/∂s, the rate of change of the tangent vector, is the local curvature

of the polymers, and κ is the flexural rigidity or bending stiffness.

For an isotropic elastic rod, the bending stiffness κ can be expressed as

the product of the Young’s modulus E, which is given by the ratio of the

tensile stress σ over the longitudinal strain ε, and the geometrical moment

of inertia I of the cross-section [11], which is

I =
π

4
(r4
o − r4

i )

for hollow cylinders of inner and outer radius ri and ro, respectively, How-

ever, the structure of microtubules is anisotropic, hence considering E and I

separately is just an approximation.

Starting from equations 2.2 and 2.3, simple calculations yield [12]

lp =
EI

kBT
. (2.4)
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We can, therefore, think of the persistence length as an estimate of which

contribution between the bending energy and the entropic force affects the

most the statistical mechanics of the polymers.

2.1.1 Measuring the persistence length

Measuring the persistence length of microtubules via its formal definition,

eq. 2.2, is unsuitable in actual experiments. The majority of the experimental

studies were performed with an optical microscope, a cheaper and more acces-

sible equipment than AFM or electronic microscopy. Therefore, the shape of

a microtubule in a biological environment was poorly resolved, also because

thermal fluctuations were a source of noise, in particular for active meth-

ods, such as the application of a controlled force to measure microtubule’s

response.

Different strategies were then developed to exploit thermal fluctuations

as the cause of filament bending, rather than as a source of noise.

The first one, used by Gittes et al. [13] in 1993, relies on the decomposi-

tion of the shape, represented by the tangent angle θ(s), of an unconstrained

microtubule into n Fourier “modes”, ideally an infinite number, with ampli-

tude an. Each mode should in principle allow an independent estimate of the

bending stiffness and, thus, of the persistence length by means of its variation

in amplitude:

var(an) =
kBT

EI

(
Lc
nπ

)2

(2.5)

lp =
L2
c

n2π2var(an)
(2.6)

This approach has two major drawbacks:
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• the Fourier “modes” are not the true dynamical modes, a fortiori nei-

ther their amplitudes are correct, since the decomposition of the shape

into eigenfunctions is more complex (see Wiggins [14] and Landau [11]);

• it relies on poor resolved data, acquired via an optical microscope.

Another strategy was developed by Benetatos and Frey [15] in 2003. In

their paper they described the fluctuations of a semiflexible filament clamped

at one end. By starting from the WLC free energy and establishing a formal

analogy between the classical statistical mechanics of a semiflexible polymer

and the quantum statistical mechanics of a rigid rotator, they obtained, in

the weakly bending limit Lc � lp, that the transverse displacement y⊥ of the

free end of a filament of length Lc is:

〈y2
⊥〉 =

2L3
c

3lp
. (2.7)

In this way, only the free end has to be resolved and a high accuracy in this

task can be achieved by using a fluorescent bead microtubule tip.

2.1.2 A different point of view

In this discussion the persistence length has been treated too naively. In

this subsection we will briefly depart from the WLC path in order to explore

two features which have not been included in the model so far.

Rather than one-dimensional, microtubules have a three-dimensional struc-

ture. Due to their cylindrical symmetry, they can be considered indeed trans-

versely isotropic, i.e. they are anisotropic in the longitudinal direction, whilst

their cross-section has an isotropic response to stresses. Therefore, the stress-

strain relationship

σ = E ε (2.8)
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can be refined by considering two Young’s moduli, the longitudinal1 E1

and the transverse E2 [16]:σxσy
σz

 =

 E1 −E2/ν21 −E2/ν21

−E1/ν12 E2 −E2/ν23

−E1/ν12 −E2/ν23 E2

εxεy
εz

 (2.9)

where σx,σy and σz are the stresses along the x, y and z axes, εx, εy and εz

their corresponding strains and ν12, ν21 and ν23 are the Poisson ratios. For a

complete description, also the shear stress has to be taken into account:τxτy
τz

 =

G13 0 0
0 G13 0
0 0 G23

γxyγxz
γyz

 (2.10)

where τi is the shear stress along the i direction, γij represents the strain

angle in the ij plane, G13 and G23 are the longitudinal and the transverse

shear moduli respectively. Bending and shear will have a role in the results

obtained by Pampaloni et al [17], discussed later in this chapter.

An upgrade of the WLC model is represented by the Wormlike Bundle

model, developed by Heussinger et al. [15] in 2010. In this model, a micro-

tubule, or a filament in general, is described as an assembly of semiflexible

filaments interconnected by crosslinks.

In fig. 2.2 the bundle geometry for a microtubule is shown. The WLB

Hamiltonian consists of three contributions: the standard Worm-like Chain

Hamiltonian, a stretch term and a shear one, which is due to the cross-

link induced coupling between neighbouring filaments. The predictions of

this model overestimate the persistence length measured by experimental-

ists, but, if the bundle is pretwisted (only 13_3 microtubules have straight

protofilaments), the persistence length is predicted to decrease with increas-

ing helicity. Moreover, the response functions for longitudinal and transverse
1The longitudinal direction is parallel to the x axis in the chosen frame of reference.
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Figure 2.2: Micr q architecture in the WLB[18]

forces show distinct frequency dependences, in contrast with the Worm-like

chain model.

2.2 Experimental outlook

The first measurement of microtubule flexural rigidity was performed by

Mizushima-Sugano in 1983 with disappointing results: the measured persis-

tence length was 75 µm, a value nowadays considered too small.

Since then there have been more than 20 published measurements of mi-

crotubule elasticity performed by various groups with different techniques [19].

Most of the groups exploited thermal fluctuations in order to investigate mi-

crotubules elastic properties, with different results.

A thorough experiment was performed by Pampaloni et al.[17] in 2006.

The experimental setup is shown in fig. 2.3: a microtubule is grafted

with its axis parallel to the x axis at one end, while the other is free to

move. The position of the free tip is acquired thanks to a fluorescence bead

attached to it via single-particle tracking methods. To improve the accuracy,
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Figure 2.3: Experimental setup of grafted microtubule by Pampaloni et al. [17].
Both the fluorescent bead and the bending profile are not in scale.

the experiment was performed by using two beads fluorescing, respectively,

at 585 and 515 nm.

In their analysis, the authors took into account two contributions to the

deflection of the tip: the bending and the shear deformations. This allowed

them to obtain a relation for the length dependence of lp:

lp = l∞p

(
1 +

3E1I

G13kAL2
c

)
(2.11)

where l∞p is the persistence length for “long” microtubules (longer than 21 µm),
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which still satisfies eq. 2.4, k is a geometrical correction factor and A the

cross-sectional area. Their results are shown in fig. 2.4.

Figure 2.4: Microtubule persistence length as function of the contour length [17]

Thus, the length dependence of lp defined in eq. 2.11 implies that shorter

microtubules appear to be less rigid than the longer ones.

Actually, there is no agreement on measurements of microtubules prop-

erties. Indeed, the reported data span a significative large range of values for

both the persistence length, 0.2 to 10 mm and the Young’s modulus, from

0.2 to 2.0 GPa.

This ongoing debate is based on multiple reasons. The microtubules used

in in vitro experiments are stabilized by means of different compounds at

different concentrations[19].Therefore, the measured elastic properties can

be biased by such ligands, whose action is not properly understood yet.

Moreover, the actual experimental conditions of microtubules are hard to

be controlled: architectures different from the 13_3 can arise during poly-

merization, polymerization itself is found to affect the persistence length, as

shown by Janson [20]; finally, Keller[21] found an inverse relationship be-
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tween lp and the microtubule growth speed. Different architectures carry

a twist in the protofilaments arrangement in order to retain the favourable

lateral interactions between monomers [22] and, hence, the worm-like bundle

could provide a reasonable theoretical model.

2.3 Computer simulations on microtubules

Due to the scattered situation of the experimental data, scientists have

tried to employ computational techniques to shed light on microtubules elas-

tic properties.

Performing an all-atom simulation of an entire microtubule is at the same

time a trivial and an unfeasible approach to the problem, it will be discussed

in section 3.2.

Thus, to overcome the physical limitation of resources required for such

large systems, multiple techniques have been applied so far: from all-atoms[23]

to finite element methods[24] to coarse-graining approach[25], with a high

number of papers on this topic.

The broad picture of the state of the art in this field will be sketched

by two articles, which cover the majority of the strategies used to deal with

microtubules’ simulations.

As it will appear clear in the following chapter 3, a brute force molecular

dynamics cannot be implemented in the foreseeable future. Nonetheless,

Wells et al. [26] in 2010 came up with a clever solution in order to apply an

all-atom scheme to microtubules.

Their idea was to simulate a whole microtubule by actually performing a

molecular dynamics simulation restricted to a small portion of it, in particular

two tetramers to take into account the interaction between protofilaments at

the seam and in the rest of the microtubule. By means of periodic boundary
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conditions, they obtained an “infinite” microtubule. In fig.2.5, Wells’ system

is shown. The computation cost is still relevant but, nevertheless, allows the

Figure 2.5: Simulated systems: N, normal system, and S, the seam system. α-
tubulin is in red, β-tubulin in blue.

investigation of the system at an atomistic level of detail. In the cited paper,

the authors were able to measure the system response to axial and radial

compressions, with results consistent with the experimental data.

Although this approach could seem resolutive, some considerations have

to be discussed. By using periodic boundary conditions, the system can be

only “infinite”; hence the length dependence of persistence length cannot be

investigated in this scheme. The authors simulated also a “finite” micro-

tubule, but in so doing, they used only 3 copies of the microtubule unit cell

described above, resulting in a six-helix microtubule, which is really small

compared to the actual length of the microtubules. Therefore, the advantage

of an atomistic simulation for an entire microtubules is lost.

A reduction in the level of details in favour of a bigger scale has been

performed by several authors. Sept and Sim[27] implemented a microtubule

simulation by means of a bead-spring network representation, see fig.2.6. The

aim of this work is to investigate the contributions of geometry and anisotropy
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to the macroscopic properties of the MT, via a coarse-grained description.

The interaction constants, though, were not a result of atomistic simulations,

Figure 2.6: Spring network: each coloured spring represents an interaction that
can be tuned in order to reproduce experimental results.

but rather expressed as a function of the bending stiffness. Thus, the choice

of simulating an isotropic or anisotropic microtubule carried different values

for the spring constants. The authors point out that a better consistency

with the literature is obtained in the anisotropic case, and, hence, the elastic

beam theory is too simplistic to catch the actual features of microtubules.

The journey macroscopic results to coarse grained constants to macro-

scopic quantities again seems, in our opinion, a useful route to validate what

is called the force field of a coarse-grained model, rather than a reliable path-

way to investigate their elastic properties. However, the approach used by

Sept is dominant in the coarse-grained schemes developed in the recent years,

due to the lack of all-atoms simulations that take into account the interaction

of tubulin with the ligands used in experiments on microtubules.

Other methods are based on an engineering point of view[28][29], which
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describes the microtubule response to applied load, but does not take into

account thermal fluctuations at all.



Chapter 3

Towards a coarse grained model
of microtubules

Microtubules’ elastic properties have been intensely studied and measured

since the early 90’s, but, as already pointed out previously, there is a large

disagreement among the scientific community about the actual behaviour

of these biological polymers. A possible approach to this research topic is

through a molecular dynamics simulation of the system, a path followed in

this work.

3.1 Molecular Dynamics in a nutshell

Molecular dynamics [30] is a technique allowing the calculation of thermo-

dynamic and dynamic properties of a great variety of systems under different

conditions, as long as the laws of classical mechanics are applicable to them.

In fact, microscopic systems consist of molecules and atoms, which can be

regarded as point-like particles and in general they are sufficiently massive

to allow the description of their motion quite accurately by the laws of New-

tonian mechanics, disregarding quantum effects in first approximation.

In order to implement a molecular dynamics simulation, three key com-

ponents are required:

31
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• a model of the system constituents, that often leads to pair-wise parti-

cles interactions to the computational effort;

• an integrator, an algorithm which propagates particles positions and

velocities from time t to t+ ∆t (a discretised description is intrinsic in

computer simulations);

• a statistical ensemble, where thermodynamic quantities are controlled.

The microcanonical ensemble is the most easily implemented choice,

since the Hamiltonian of the system is a conserved quantity if external

potentials are not present and, therefore, the number of atoms, the total

energy and the volume of the system can be kept constant. Nonetheless,

extensions to the equations of motion have been developed to allow the

simulation of different statistical ensembles.

In the present context the time evolution of a set of interacting particles is

usually calculated by numerically solving the Newton’s equations of motion

of the particles belonging to the system, due to the intrinsic discrete nature

of a computer simulation and the many-body problem that is going to be

solved. For a system of N point particles of masses mi (i = 1, . . . , N) at

position ri(t) = (xi(t), yi(t), zi(t)) and velocity vi(t) the force acting upon

the i− th particle at time t can be computed as follows:

Fi = mi
d2ri (t)
dt2

(3.1)

where Fi is obtained from the potential energy of the system U (r1, r2, . . . , rN)

via the equation 3.2:

Fi = −∇riU (r) = −
(
∂U

∂xi
,
∂U

∂yi
,
∂U

∂zi

)
(3.2)
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Given the initial condition ri (to) and vi (to) at a certain time t0, the

solution of Eq. 3.1 provides the complete information on the motion of the

system.

An alternative, often more useful, formulation for the time evolution prob-

lem involves Hamilton’s equations of motion in the generalized momenta p

and positions q[31]:

q̇α =
∂H
∂pα

ṗα = −∂H
∂qα

(3.3)

where H is the Hamiltonian of the system:

H =
3N∑
α=1

p2
α

2mα

+ U (qα) , (3.4)

α goes to 1 to 3N and the masses have the same values in triplets.

The evolution of any function f(x) in the phase space along a trajectory

xt = (p(t), q(t)) can, therefore, be evaluated by:

df

dt
=

3N∑
α=1

[
∂f

∂qα
q̇α +

∂f

∂pα
ṗα

]
(3.5)

which yields by using 3.3:

df

dt
=

3N∑
α=1

[
∂f

∂qα

∂H
∂pα
− ∂f

∂pα

∂H
∂pα

]
= {f,H}

(3.6)

In eq.3.6 Poisson brackets appears and they allow the introduction of a

well-defined operator on the phase space, the Liouville operator:

iL = {·,H} (3.7)
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, which enables a formal solution for equation 3.6. By rewriting it as

df

dt
= iLf

and using the initial conditions of the problem x0, we obtain:

f(xt) = eiLtf(x0) , (3.8)

where exp(iLt) is known as the classical propagator. Of course, f(xt) can be

the identity function and, thus, a formal solution of Hamilton’s equations 3.3

is:

xt = eiLtx0 . (3.9)

Although this formulation appears only formal and the action of the op-

erator in eq. 3.9 cannot be evaluated exactly, it provides a very useful tool for

developing approximate solutions to the equations of motion. The Liouville

operator can be split as the sum of two contributions:

iL = iL1 + iL2 (3.10)

where

iL1 =
3N∑
α=1

∂H
∂pα

∂

∂qα

iL2 = −
3N∑
α=1

∂H
∂qα

∂

∂pα
.

(3.11)

The new two operators do not generally commute, therefore their order

in the classical propagator

eiLt = eiL1+iL2 (3.12)

is important and their actions on the phase space vectors cannot be separated

into

eiL1t + iL2t 6= eiL1t eiL2t ,
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although individually they can be evaluated exactly. Nonetheless, there is a

way to express the propagator in a similar fashion by using the important

Trotter theorem, which states that, given two non commuting operators A

and B:

eA+B = lim
P→∞

[
eB/2P eA/P eB/2P

]P
, (3.13)

with P integer. This formula becomes indeed useful for our purpose by

defining ∆t = t/P and expressing eq. 3.13 with the Liouville operator in eq.

3.10, so that the propagator is rewritten as:

e(iLt) = e(iL1t+iL2t) = lim
P→∞,∆t→0

[
eiL2∆t/2P eiL1∆t/P eiL2∆t/2

]P
. (3.14)

The result is exact, but it is not practical as it is. In fact, due to the intrinsic

nature of computer simulation, the limit to zero for the time step and to

infinity for the number of steps is trivially nonsense. Instead, without the

limit process, it leads to a useful approximation for the propagator and it

can be shown that its action on the phase space vector xt in the Trotter fac-

torization scheme yields to the velocity Verlet algorithm, a topic that will be

covered later in this chapter. Moreover, equation 3.14 has also an important

role for the implementation of the statistical ensemble used in the present

work.

In general, a Molecular Dynamics algorithm propagates the positions and

velocities with a finite time interval using numerical integrators. The position

of each particle in space is hence defined by ri(t), whereas the velocities

vi(t) or the momenta pi(t) are used to calculate the kinetic energy and the

temperature of the system. As the particles “move”, their trajectories may be

displayed and analyzed, providing averaged properties. The dynamic events

that may influence the functional properties of the system can, in principle,

be directly traced at the atomic level, making Molecular Dynamics especially
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valuable in molecular biology.

3.2 All-atoms versus Coarse-Grained

In order to investigate its properties and eventually the dependence on its

contour length, a complete microtubule has to be simulated, a task which is

not trivial. In fact, these macromolecules usually span several micrometers

in length and require a time scale of at least thousands of nanoseconds. Long

simulations can be achieved by improving the available computational power

or by building a specialised hardware, such as the massively parallel super-

computer Anton [32], a machine that simulates almost twenty thousands of

nanoseconds per day of a twenty-three thousands atoms protein. Unfortu-

nately, this huge amount of resources is not common and moreover the size of

the system cannot be overcome by brute force. Therefore, a different strategy

has to be implemented.

The expression “molecular dynamics simulation” is, in fact, often referred

to all-atom simulations, in which a protein is described by all its atoms. In

so doing, a great level of detail is achievable, certainly depending on the

force field used, i.e. the parametrisation of the atomistic interactions, that

establishes an accuracy threshold. The drawbacks of this method are the

small size, macroscopically speaking, of the system and the short period of

time that can be simulated. On average, an all-atom simulation involves few

hundred thousands players, including solvent molecules as water and ions,

and hundreds of nanoseconds long dynamics.

The microtubule simulated in this work is 2 µm long with a 13_3 ar-

chitecture, whilst its building blocks, tubulin heterodimers, span 8 nm in

length and are made of 13000 atoms. Thus, an all-atom simulation of this

system needs to take into account more than forty-two million atoms, which
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is a conservative estimate of the total number of particles involved because

solvent molecules have to be added as well. Therefore, not only the relevant

time scale requires a great amount of computational resources, but also the

size of the system makes unfeasible to follow this method.

An approach that allows a substantial reduction of the system’s degrees

of freedom and is largely used in the simulations of biological macromolecules

consists in clustering groups of atoms into new coarse grained atoms which

now interact among themselves with effective potentials, different but more

computationally efficient with respect to the original ones. This procedure

is indeed called Coarse Graining and has as main advantage to extend the

viability range of in silico experiments to mesoscopic problems [33]. It is

straightforward that such approximation simplifies the complexity of the

studied system and hence lowers the details of the resulting description.

Nonetheless, key features of the original system can be preserved by properly

choosing the type of simplification needed.

In fact, coarse grained simulations can be divided into three major groups,

depending on how interactions are described and chosen:

• minimalist methods, which use simplistic force fields. Hence they pro-

vide qualitative information and high computational efficiency, but

their quantitative results are not accurate;

• inversion methods, in which experimental data and average properties

are used to build the coarse grained potentials;

• multiscale methods, which take information from atomistic simulations

and bridge them to a mesoscopic scale.

All three classes are not in sharp contrast, but actually offer different angles

to deal with simulations.
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Another issue to be addressed consists in the actual coarse graining pro-

cedure, i.e. the choice of how to arrange groups of atoms into the new “sites”

that will reproduce the system. There is not a simple rule to follow, because

multiple factors, such as the size of the system or the level of detail to re-

tain, play a role in the selection. A solution is to collect atoms belonging

to the same residue and to represent them with a single particle, although

other styles are available in literature. For instance, the four-to-one mapping

collapses four heavy atoms into a single interaction centre [34], or more ag-

gressive schemes do not resolve individual residues of a protein but use them

as a whole.

In this work I will use a minimalist approach in shrinking the system

of interest in a multiscale fashion, since the chosen force field is derived by

atomistic results.

3.3 Model of the system

As pointed out in section 3.1, the starting point of a molecular simulation,

and, in the present work, to compute the elastic properties of microtubules, is

to build a model that mimics these polymers in a biological environment. The

subject of this study is a 2 µm long microtubule, composed by 13 protofil-

aments and a 3 helix shift, and the previous discussion clarifies that in this

scenario an all-atom simulation is unfeasible due to the high number of atoms

involved (more than forty millions).

Thus, in the molecular dynamics frame a coarse grained scheme is the only

available option and the globular shape of the tubulin suggests an aggressive

simplification by clustering the whole protein into a single particle. In so

doing, every α and β monomer is represented by a point-like bead of type 1

and 2 respectively, as shown in fig. 3.1.
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(a) Original dimer. (b) Coarse grained dimer.

Figure 3.1: Coarse graining process: a tubulin dimer is reduced to two point-like
beads. The colour scheme is preserved also in the CG, since the beads belong to
two different types.

The whole microtubule is hence reconstructed following the arrangement

described in the paper by Nogales et al. [3] with the aid of a custom Python

script, written from scratch. The beads are placed properly in order to re-

produce the counter-clockwise lateral helix order in a 13_3 geometry. Along

protofilaments, the distance between beads is 4.04 nm (see Table 1.1), whilst

laterally two consecutive particles are separated by 5.11 nm, a value com-

puted using elementary trigonometry to match the tubular architecture.

These values are the equilibrium distances for the force field used. Given

the outer and inner radius of a 13_3 microtubule available experimentally,

the initial conditions are easily derived. The Python script also allows the

building of microtubules with different number of protofilaments and/or helix

shift and create a topology file, which is used to perform the actual simula-

tion.
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The coarse grained microtubule is shown in fig. 3.2 already in the con-

figuration for the simulation, i.e. with its axis parallel to the x-axis of the

chosen frame of reference and its cross-section lying in the yz-plane, a set-

up that resembles the experimental arrangement described in Pampaloni’s

article [17].

Figure 3.2: Coarse grained version of a microtubule. The size of the beads is only
indicative.

The topology of the system is not sufficient alone to define a model. It

is necessary to specify also how particles interact among themselves via the

so-called force field, a potential energy function from which the forces are

derived. The choice for the simulation of the microtubule is a bead-spring

scheme, which will be discussed in this section.

In general, the potential is a function of the positions of all the atoms of
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the system and, is given by the sum of two terms:

U = Ubonded + Unon−bonded (3.15)

where, in an all-atom simulation,

• Ubonded takes into account the interactions between the atoms chemi-

cally bonded by a covalent bond. Such interactions depend on the bond

lengths, angles and rotations of the bonds in a molecule;

• Unon−bonded takes into account the interactions between the atoms which

are not chemically bonded or between atoms separated by three or more

covalent bonds.

In a coarse grained model the meaning of the two contributions is slightly

different. In fact, the beads of our systems are not covalently bonded, but

their interaction can be seen as an average of the atom-by-atom interac-

tions and, nevertheless, they are considered bonded if the original monomers

are linked together either longitudinally along protofilaments or laterally by

means of loops, as described in section 1.1.

With this caveat in mind, the functional form of the potential used in

this work is then:

Ubonded =
∑
bonds

k∗bond (r − r∗0)2

+
∑
angles

k∗angle (θ − θ∗0)2

+
∑

dihedrals

kdihe [1 + cos (nϕ− ϕ0)] +

Unon−bonded =
∑
i<j

4ε

[(
σ

rij

)12

−
(
σ

rij

)6
]

(3.16)
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Figure 3.3: Contributions to the bonded potential of the system. (a) Harmonic po-
tential for two consecutive beads, whether longitudinally or laterally. (b) Bending
terms among three consecutive beads in a protofilament or in a helix. (c) Dihedral
contribution only along protofilaments

The first term in the sum 3.16 takes into account the interaction between

two consecutive bonded beads, fig. 3.3(a), in the coarse grained microtubule:

a harmonic potential, where r∗0 is equilibrium distance and k∗bond is the elastic

constant, which defines the strength of the spring. The superscript ∗ collects

the three types of harmonic interactions considered in the present work: two

intra-protofilament and one inter-protofilament. The reason relies in the

structure of actual microtubules. As stated in sec 1.1, the monomers arrange

in protofilaments as α − β − α − β, where the α − β dimer constitutes the

basic unit of microtubules, and different ligands are bound at the monomers’

interfaces, GTP between α−β and GDP in β−α, modulating the interactions.

Laterally, instead, monomers of the same kind are bonded, except for the

seam, which is not considered in this work. Although there are two types of
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monomers and, hence, two lateral spring constants, only one is used for both

kinds of beads by averaging the two.

The multiscale approach in sec. 3.2 enters in the definition of these three

spring constants: their values are taken from an all-atom simulation per-

formed by Deriu et al. [35], in which interactions between two monomers

were evaluated in the absence of Taxol and any other microtubule stabilizing

compound. Table 3.3 reports the values used in our simulations.

α− β β − α Lateral
k∗ (N/m) 44.7 18.0 13.6
r∗0 (nm) 4.05 4.05 5.11

Table 3.1: Values of the elastic constants and equilibrium distances used in the
simulation.

The angle contribution in 3.16 instead, see 3.3(b), preserves the micro-

tubule architecture. Along a protofilament, which in literature is considered

straight at equilibrium, three bonded beads define an angle of θlong0 = 180◦,

whilst laterally the equilibrium angle is θlat0 = 152◦using geometrical consid-

erations. Constants are taken from Ji’s paper[36] and, although somehow

empirical, these values have been validated in their work and are shown in

table 3.3.

Longitudinal Lateral
k∗ (nN·nm) 2.0 8.5
θ∗0 (◦) 180 152

Table 3.2: Values for the angle terms.

The last term in the Ubonded describes dihedrals, fig.3.3(c), only for quadru-

plets of beads belonging to the same protofilament. Lateral dihedrals are not

implemented in this simulation to avoid fictitious effects. Dihedral force con-

stant k, multiplicity n and phase shift ϕ0 are extracted from Ding’s work [25]

and shown in table 3.3.
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Longitudinal
k (nN·nm) 20
n 2
ϕ0 (◦) 180

Table 3.3: Values for the dihedral function

The non-bonded contribution is the well-known Lennard-Jones potential,

which does not reproduce Van Der Waals interaction as in the usual MD sim-

ulations. It implements, instead, the steric hindrance of the coarse-grained

monomers, since they are represented as points and, therefore, do not occupy

a volume in space. Two parameters are defined for this contribution:

• σ, a measure of how close two beads can get;

• ε, the magnitude of the attractive energy between the ith and the jth

bead, rij apart.

With the 6th and 12th powers, the Lennard-Jones potential decays very fast

with the distance. Thus, it is often treated by the cutoff method, where the

potential is truncated or smoothly switched to zero at a distance larger than

a cutoff distance, which in this case is equal to 2.5 σ, although the most

interesting part for our purpose is the repulsive core.

3.4 Integrator

As previously discussed, solving Newton’s equations of motion analyti-

cally is impossible due to the complex form of the potential energy function

U (r1, . . . , rn) that depends on the positions of all the particles (r1, r2, . . . , rn)

in the system. Therefore, a number of numerical integration algorithms have

been developed to solve Newton’s equations of motion. All these algorithms

are based on the Taylor expansions of positions.
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The first integrator used in Molecular dynamics simulations was devel-

oped by Verlet in 1967 [37]. In order to derive it, we first write down the

Taylor expansion of r (t+ ∆t) for small ∆t:

ri (t+ ∆t) = ri(t) + vi(t)∆t+
1

2

Fi(t)
mi

∆t2 +
1

3!

...r i(t)∆t3 + O
(
∆t4
)
. (3.17)

where vi(t) is the velocity of the ith particle and Fi is the force acting on

the same particle at time t. The Taylor expansion of r (t−∆t) is:

ri (t−∆t) = ri(t)− vi(t)∆t+
1

2

Fi(t)
mi

∆t2 − 1

3!

...r i(t)∆t3 + O
(
∆t4
)
. (3.18)

Summing up both sides of Eqs. 3.17 and 3.18, we obtain:

ri (t+ ∆t) = 2ri(t)− ri (t−∆t) +
Fi(t)
mi

∆t2 + O
(
∆t4
)
. (3.19)

The velocities do not appear in equation 3.19 but can be obtained by

subtracting Eq. 3.18 from Eq. 3.17:

vi(t) =
ri (t+ ∆t)− ri (t−∆t)

2∆t
. (3.20)

The Verlet algorithm has two important properties: time-reversibility and

the preservation of the symplectic form in the phase space. The evolution of

velocities is not explicitly built in the numerical integrator. To implement

this feature, Swope et al.[38] proposed in 1982 the velocity Verlet algorithm,

fully equivalent to the previous one. It consists of two equations:

ri (t+ ∆t) ≈ ri(t) + vi(t) ·∆t+
∆t2

2mi

Fi(t) , (3.21)
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and

vi (t+ ∆t) = vi(t) +
∆t

2mi

[Fi(t) + Fi (t+ ∆t)] , (3.22)

that allow to calculate the time evolution of positions and velocities simul-

taneously, without losing the properties of the Verlet algorithm.

Usually, the velocity Verlet is expressed in a three steps procedure[31]:

vi(t+ ∆t/2) = vi(t) +
∆t

2mi

Fi(t) (3.23)

ri(t+ ∆t) = ri(t) + ∆t vi(t+ ∆t/2) (3.24)

and, with a further recalculation of forces:

vi(t+ ∆t) = vi(t+ ∆t/2) +
∆t

2mi

Fi(t+ ∆t) (3.25)

which is how it is implemented as computer instruction. Moreover this form

is strictly related to the Trotter decomposition, eq. 3.14. In one dimension,

a Hamiltonian like

H = p2/2m+ U(q)

gives a propagator, see eq.3.11 and 3.12, that in a single step ∆t is approxi-

mated by:

exp(iL∆t) = exp
(∆

2
F (q)

∂

∂p

)
exp
(

∆t
p

m

∂

∂q

)
exp
(∆t

2
F (q)

∂

∂p

)
(3.26)

By applying eq.3.26 to the initial condition (q(0), p(0)), simple calculation

yield equations 3.21 and 3.22 in the one-dimensional version, with p = v/m.

Moreover, recalling that a derivative operator ∂ can be seen as the generator

of the translation group, the first operator that acts in 3.26 produces a shift

∆t/2F (q) of the momentum, the next one takes the output of the preceding
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step and performs the position translation, a shift that in turn requires the

update of the forces, and the last operator translates the momentum once

more using the new forces. There is, hence, a direct translation from the

operator factorization scheme to the computer implementation. Finally, ob-

taining the velocity Verlet algorithm via the Trotter formalism shows that

this algorithm constitutes a symplectic, unitary, time-reversible propagation

scheme. All these properties, combined with the easy translation into code,

makes it the most used integrator in Molecular Dynamics.

3.5 Langevin Dynamics

The direct application of the integrators introduced in section 3.4 evolves

the system in the microcanonical ensemble NVE. However, in many cases, it is

desirable to simulate the system at constant temperature or in the canonical

ensemble.

Several methods have been proposed to achieve temperature control.

These methods mimic the effect of a large reservoir coupled to the system

and they are therefore generally called thermostat algorithms. In Molec-

ular Dynamics simulations the temperature is computed by means of the

equipartition theorem, i.e. by using the instantaneous value of the total

kinetic energy:

kBT
∗ =

1

D

N∑
i=1

miv2
i (3.27)

where D is the number of degrees of freedom of the system and kB is the

Boltzmann constant.

When these simulations are performed at the all-atoms level of detail,

proteins are usually solvated, that is to say water molecules and ions are
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added to the system of interest in order to obtain a realistic description of its

evolution in a biological environment. Dealing with coarse grained models,

as in the present work, adding the solvent degrees of freedom is not a smart

choice, since the dimension of the system would require a huge number of

water molecules. In this manner, the advantage of a simplistic model would

cancel out and all the computational resources would be used to simulate

nothing.

It appears clear, then, that the only way to exploit a NVT ensemble for a

CG system is to average the effects of water by means of a Langevin dynamics

and, so doing, it is possible to control the system temperature. In the model

described in this work, the resulting force acting on a bead consists of three

components:

Ftot = Fc + Ff + Fr ,

where Fc is the conservative force, computed from the potential described in

3.3, Ff is the frictional drag, proportional to the bead’s velocity, and Fr is

the force due to the solvent particles at temperature T randomly bumping

into the bead, usually a white noise, whose magnitude is derived from the

fluctuation/dissipation theorem. In the first implementation of Langevin

dynamics as thermostat by Schneider[39], this contribution is enabled by

means of a step function, proportional to

Fr ∝
√
γfr
βdt

, (3.28)

where γfr is the friction coefficient, β is (kBT )−1 and dt the chosen timestep.

In the present work, however, a different Langevin thermostat is used,

developed by Bussi and Parrinello[40]. Their basic idea is to merge the

velocity rescaling, a naive thermostat, with a random contribution in order

to preserve the probability distribution of the momenta.
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Their starting point is the Langevin equation expressed with the Hamil-

tonian formalism, introduced in section 3.1, i.e.

dp(t) = F (q(t)) dt− γp(t)dt+

√
2mγ

β
dW (t) (3.29a)

dq(t) =
p(t)

m
dt (3.29b)

where F (q) = −∂U
∂q

is the abovementioned deterministic force, and dW (t)

is a Wiener noise, normalised as < dW (t)dW (t′) >= δ(t − t′), in order to

sample the canonical ensemble, which has the probability density

P̃ (p, q) ∝ e−β(p
2/2m+U(q)) .

An equivalent description of eq. 3.29 is obtained in terms of the Fokker-Planck

equation[41]:
∂P (p, q; t)

∂t
= −LP (p, q; t) ,

see eq. 3.8 for the formal solution, where the operator L is given by

L = F (q)
∂

∂p
+
p

m

∂

∂q
− γ
( ∂
∂p
p+

m

β

∂2

∂p2

)
(3.30)

and can be split in three parts, directly related to the sum above:

L = Lp + Lq + Lγ . (3.31)

By using the Trotter theorem, the authors approximate the propagator 3.12

in a time step ∆t as:

e∆tL ≈ e(∆t/2)Lγe(∆t/2)Lpe∆tLqe(∆t/2)Lpe(∆t/2)Lγ (3.32)

which leads to the explicit integration scheme:
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p(t+) = c1p(t) + c2R(t) (3.33a)

q(t+ ∆t) = q(t) +
p(t+)

m
∆t+

F (q(t))

m

∆t2

2
(3.33b)

p(t− + ∆t) = p(t+) +
F (q(t)) + F (q(t+ ∆t))

2
∆t (3.33c)

p(t+ ∆t) = c1p(t
− + ∆t) + c2R

′(t+ ∆t) (3.33d)

where p(t+) and p(t−) denote the momenta immediately after and immedi-

ately before the action of the thermostat (described in equations 3.33a and

3.33d), R and R′ are two independent Gaussian numbers, while the coeffi-

cients c1 and c2 are

c1 = e−γ(∆t/2) (3.34a)

c2 =

√
(1− c2

1)
m

β
(3.34b)

and implement the rescaling part of the thermostat.

Equations 3.33b and 3.33c clearly implement the velocity Verlet, which

appears naturally due to the particular splitting of the L operator used in

the article, although other choices are available.

This feature allows a rather straightforward implementation in the soft-

ware used for the simulation of the coarse grained microtubule.

3.6 Lammps implementation

With all the theoretical background described in the previous section, we

can now deal with the actual simulation. It is performed by using the soft-

ware LAMMPS 1 [42], which stands for Large Atomistic/Molecular Massive

Parallel Software.
1http://lammps.sandia.gov/index.html

http://lammps.sandia.gov/index.html
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LAMMPS is a classical molecular dynamics code that models an ensem-

ble of particles in a liquid, solid, or gaseous state. It can model atomic,

polymeric, biological, metallic, granular, and coarse-grained systems using a

variety of force fields and boundary conditions.

Among other software packages used in literature or codes written from

scratch, this choice has a certain amount of advantages that makes LAMMPS

suitable for a coarse grained simulation of microtubules.

First of all, it does not assign force-field coefficient automagically : it

means that all the interactions have to be specified by the user by providing

the functional form of the potential and respective parameters. It is a dis-

advantage when an all-atom simulation is performed, since the interaction

constants have to be explicitly written for all pairs of atom types involved,

conversely it allows freedom of choice and easy implementation when the

model has few types of particles to be simulated, as it is the case for this

work.

It has a parallel version, which makes it preferable with respect to a

custom software written from scratch. The spatial decomposition it provides

speeds up the simulation, allowing the simulation of bigger systems for longer

time scales.

The humongous amount of features available in LAMMPS are written in

C++, so the software is highly portable and efficient. Moreover, as freely-

available open-source code, custom routines can be added to the main pro-

gram, making LAMMPS a flexible tool for Molecular Dynamics.

To perform the simulation the software requires a main input file in which

data are defined and commands are invoked. As common practice, the main

file is split in:

• input file, see appendix A, where force field, integrator and output are
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defined ;

• topology file, see appendix B, in which the arrangement of the beads

is set up with coordinates, bonds, angles and so on.

3.6.1 Input file

At the beginning of this file units of measurement, boundary conditions

and atom style used in the simulation are defined: the choice of nano units

is based on reducing round-off errors, which occurs when the machine deals

with numbers too small or too big with respect to its precision; the boundary

conditions are periodic in the three directions, although they do not affect

the actual simulation but were set as they are during the debugging stage;

finally the atom_styles defines which functional expressions for the force

field have to be initialized. It also checks that the data in the topology file

fulfill its requirements.

The file continues by reading the topology of the system and setting the

parameters for the chosen force fields, see 3.3, along with the neighbour list,

a feature that improves the performance in the computation of non-bonded

interactions.

Three major steps are involved in a molecular simulation:

• minimization, in order to relax the system;

• equilibration, in order to let the system achieve the desired tempera-

ture;

• production run, from which data are collected and stored for further

analysis.

The minimization of the microtubule is obtained with the Hessian-Free

Truncated Newton algorithm, which performed better than the other available
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methods in minimizing the forces among beads. At each iteration a quadratic

model of the energy potential is solved by a conjugate gradient inner iteration.

The Hessian of the energy is not formed directly, but approximated in each

conjugate search direction by a finite difference directional derivative. When

close to an energy minimum, the algorithm behaves like a Newton method

and exhibits a quadratic convergence rate to high accuracy.

According to the experimental set up we want to simulate[17], the micro-

tubule is clamped at one end, therefore, moving downwards in the file, atoms

in the first helix are held fixed, both in the equilibration stage and during

the run. This is possible by enforcing the velocities of the beads in the group

to be zero throughout the simulation. The velocities of the remaining beads

are firstly initialized to describe a system at 100K. During the equilibration

phase, the temperature is increased until it reaches 310K, a value used in

real biological experiments.

In order to perform both equilibration and run, the abovementioned ther-

mostat fix temp/csld, see sec. 3.5, is called along with the velocity Verlet

integrator 3.4 fix nve, unlike the command fix nvt, also used to mimic

the canonical ensemble, which has a built-in integration scheme.

A rule of thumb in molecular simulations suggests to monitor the energy

conservation in few microcanonical runs to choose the time step for the sim-

ulation, then to adopt the same time step for the Langevin dynamics. By

doing so, the biggest time step that fulfills this requirement is 50 femtosec-

onds. It is a reasonable value, since it offers a step twenty-five times greater

than what is used in an all-atom procedure and it is consistent with the

value of 100 femtoseconds used in the coarse grained simulation performed

by Ding[25].

Finally the commands for the output, trajectories by dump xyz and ther-
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modynamic quantities by thermo, are invoked and the run can start.

The system was simulated for 100 microseconds, 30 for equilibration and

70 for the run, with the parallel version of LAMMPS by using 12 out of 24

available processors. In this manner the involved processors were used at

full capacity: in fact, each processor carries out the evolution of a certain

amount of atoms based on the total number of particles. LAMMPS develop-

ers strongly advise to use indicatively at least a processor every 500 atoms.

The microtubule consists of 6188 beads, therefore twelve is the highest num-

ber of processors to be devoted to the simulation while keeping the machine

able to perform other tasks.

3.6.2 Box deformation

Along with the equilibrium MD simulation in the NV T ensemble in

the previous section, we performed a further MD simulation to obtain the

stress/strain relation.

In order to compute the longitudinal Young’s modulus 2.8, the simula-

tion box is deformed in the microtubule axial direction, along the x axis in

the frame of reference of this work. By remapping beads coordinates to the

deformed box it is possible to simulate an applied tensile strain to the micro-

tubule and the computation of the stress is performed by LAMMPS itself via

the command compute stress/atom. The box deformation is implemented

with a constant strain rate εeng, i.e. the box length as a function of time

changes as

L(t) = L0(1 + εeng dt) (3.35)

where L0 is the original box length and dt is the time step. Therefore, the

applied strain has to be considered as an engineering strain ε, in contrast

with the true strain e, that implies a non linear change in the box dimension:
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L(t) = L0 e
εtrue dt (3.36)

Both quantities are related by:

e = ln(1 + ε) , (3.37)

where e is defined as

e =

∫ LF

L0

dL

L
= ln

(LF
L0

)
= ln

(
1 +

∆L

L0

)
, (3.38)

and ∆L is the deformation in the axial direction. For small ∆L, L ≈ L0 in

eq. 3.38 and thus

ε =
1

L0

∫ LF

L0

dL =
LF − L0

L0
=

∆L

L0

. (3.39)

For strain less than 0.1, they can be considered almost equivalent and for our

purpose they will.

The calculation of the stress from a MD simulation deserves further con-

siderations.

In LAMMPS the stress tensor on the ith atom is given by[43]:

σαβ = −
[
mvαvβ +

1

2

∑
pair

(r1αF1β + r2αF2β)

+
1

2

∑
bond

(r1αF1β + r2αF2β)

+
1

3

∑
angle

(r1αF1β + r2αF2β + r3αF3β)

+
1

4

∑
dihe

(r1αF1β + r2αF2β + r3αF3β + r4αF4β)

+ . . .
]

(3.40)
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where α and β take values on x, y, z, whilst rj is the position of the jth atom

interacting with the atom and Fj is the force on jth atom. The tensor is

symmetric by definition, hence it has six independent components.

The first term in eq.3.40 is the kinetic energy contribution, whilst the

other four involve the types of potential used in the present work. Other

terms are not taken into account in this discussion. The kinetic contribution

is a matter of debate. As thoroughly discussed in Awad’s dissertation[44],

the controversy is about whether the virial stress tensor is equivalent to

Cauchy’s mechanical stress tensor or not, since the latter has no explicit

dependence on the velocity term at variance with the former. Throughout

diverse points of view, the author concludes that the kinetic contribution to

the virial can be ignored when the atoms do not cross the periodic boundaries.

Our simulation certainly verifies this condition, therefore, via the command

compute stress/atom virial, the stress tensor is computed without the

velocity dependent part, and, since we are interested in the x component of

the tensor, we store only the value σxx.

The reader will notice that the stress tensor described in eq.3.40 is not

dimensionally correct. In fact, it has to be divided by the volume occupied

by the microtubule, which is calculated by means of the Voronoi tessellation

compute voronoi/atom, so that the so-called stress tensor has the actual

units of a stress.

The box stretching is applied at each time step with three different rates

for 3µs: 104, 105 and 106 s−1. The remapping of the microtubule occurs as

well at every box change.
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3.7 Analysis and results

As stated in chapter 2, the two elastic properties studied in this work are

the persistence length lp and the longitudinal Young’s modulus E, related in

the Worm-Like Chain model by:

lp =
EI

kBT
, (3.41)

a model which is used to describe the essential features of microtubules.

3.7.1 Persistence Length

As already mentioned, Benetatos and Frey[15] established an analogy

between the WLC model and the quantum mechanics description of a rigid

rotator in a magnetic field. By doing so, they determined that the probability

distribution of the transverse displacement y(s) at any curvilinear abscissa s

along a rod is Gaussian:

P (y⊥(s), s) ∝ exp

(
− 3lp

2s3
y2
⊥(s)

)
. (3.42)

In particular, for a clamped microtubule, the transverse length scale of the

free end is equal to

L⊥ =

√
L3
c

3lp
, (3.43)

where Lc is the contour length.

To use eq. 3.43, the microtubule is shrunk into its axis and the coordinates

of the free tip are extracted. The length of the microtubule is known and

constant. Indeed, during the simulation, a sensible elongation cannot be

appreciated. Due to the isotropy of the polymer in the yz plane, only the y

coordinate is considered for the transverse fluctuations.

The available data span 70 µs in time, which is a long interval if com-

pared to all-atom simulations and considering the computational resources
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at our disposal, but it is far from the experimental time of data acquisition.

Therefore, in order to obtain a reasonable statistics, the free end position is

taken every 2 µs, for a total number of samples of 35. The value obtained

for the persistence length is

lp = 91.0± 3.0µm ,

where the error is obtained by the error propagation formula. Given the

dependence of lp on the variance of a Gaussian distribution, eq. 3.42, the

uncertainty of σ2, a variable expected to be distributed as χ2
1, is[45]

δσ2 ≈
√

2

M − 1
σ2 (3.44)

where M is the number of sampled values.

The resulting persistence length is below the range experimentally found

by Pampaloni et al.[17]. This can be due to several reasons: first, the ex-

periments were focused on long polymers, rather than short ones in order to

investigate the length dependence of the persistence length, as in fig. 2.3; sec-

ond, experiments consider stabilized microtubules, i.e. chemical compounds

such as Taxol or glutaldehyde are bound to monomers, in order to acquire

data before microtubules depolymerize. Therefore, measured values are prob-

ably greater than those of a “naked” microtubule. Finally, as already said,

it is likely that the simulated interval is not sufficient to extract consistent

information and more computational resources are needed in order to achieve

better sampling.

3.7.2 Young’s modulus

In terms of Young’s modulus, the ligands affecting the persistence length

should not have any considerable effect if a tensile strain is applied. In fact,
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the ligands modify the lateral interactions, that do not play a major role if

no bending is involved.

The elastic modulus in the axial direction is calculated from the ratio

E =
σxx
ε

, (3.45)

for small values of the strain.

As shown in fig.3.4, E is the slope of the curve in the first region charac-

terised by ε < 0.5, which is the part of the plot with physical meaning. This

Figure 3.4: Stress vs Strain (rate 104 s−1)

region is called “elastic”, because of the linear relation between stress and

strain. The coarse grained model used in this work does not consider bond

breaks, on the contrary the harmonic potential allows an indefinite bond

stretching, thus the implemented scheme is not suitable to explore wider ar-

eas of the plot. Moreover, the way the box deformation is performed forces
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the y and z components of the strain to zero. It implies that there are no

corrections due to eq. 2.9 and that the region in which the stress decreases

cannot be interpreted as the necking one, since no changes in the cross-section

occur.

The Young’s modulus is found to be independent of the applied strain

rate, with a value

E = 0.8± 0.2 GPa ,

consistent with measurements available in literature, whose range is between

0.1 to 2.0 GPa. Due to the small group of data, one per each deformation

run, the error is computed, with conservative attitude, as

∆E =
|Emax − Emin|

2
.

Also for this quantity, it is difficult to find an agreement in literature,

mainly because of the differences in the various experimental setups and the

diverse techniques used to perform the measurements.

3.8 Further developments

The model used in the present work can be improved in several ways.

The definition of the force-field parameters should take into account the

effects of the microtubules associated proteins that are available in the biolog-

ical environment and of the pharmaceutical drugs which are known to affect

the elastic properties of microtubules. This can be achieved by employing

the multiscale approach introduced here: a detailed simulation, performed

for few monomers with the aforementioned ligands, could be employed to de-

rive the parameters to describe the interactions in a simplified coarse grained

model.
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However, the computational effort required by this scheme should not be

underestimated. Even a tubulin examer in a water box is a rather big system

with its almost 200, 000 atoms.

Moreover, a deeper understanding of how angle potentials in the coarse

grained model can be related to all-atom measurable quantities is paramount,

in order to replace estimates based on thermodynamic properties.

Last but not least, faster processors would allow longer simulations in a

reasonable amount of time; the same could be achieved also by employing

new algorithms for the NV T ensemble, thus reducing the computational cost

of the Langevin dynamics. These improvements would offer the opportunity

to investigate also the relation between the persistence length and the total

contour length, taking into proper account the interactions with microtubule

associated proteins and drug molecules.



Conclusions

This thesis work has tried to reconstruct what is known about the elastic

properties of microtubules, in terms of experimental results, theoretical mod-

els and computer simulations. Although several directions of investigation

seem quite promising (in particular theoretical models based on materials

engineering), our focus was mainly on the physics of these fascinating and

important components of the cytoskeleton. In particular, we have tried to

describe how the microscopic interactions between its constituents (atoms

arranged in proteins) determine the macroscopic observables that can be

measured in experiments. This is quite a difficult task in biology, in gen-

eral, and for microtubules in particular, since tiny molecular details may

completely change the behaviour of a protein, in terms of its function or

structural role. However, we have tried to offer a strategy to tackle this

problem by presenting a multiscale simulation approach that, building on

the results of a previous equilibrium all-atoms molecular dynamics simula-

tion, is able to determine the parameters of a coarse-grained representation

of the microtubule. We have shown, by this approach, that it is possible to

reconstruct the stress-strain relation for a 2 µm-long microtubule and that,

at least in principle, it is possible to investigate the length dependence of the

persistence length, if enough computational resources are available. More

importantly, our computational protocol can be easily extended to investi-

gate the interactions of the tubulin dimer with stabilizing molecules(taxol,
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glutaraldehyde) or microtubule associated proteins (MAPs).

Several aspects still remain to be clarified: for instance, our coarse-grained

model does not take into account the hydrodynamics that will certainly affect

the motion of the microtubule. Hence, our simulations can be useful to test

their elastic properties and, in general, equilibrium quantities, but will be

obviously meaningless in trying to investigate the dynamics of a microtubule

in an aqueous solution. However, we believe that the results of our multiscale

approach can be useful in the search for a theoretical model that would be

able to capture also these dynamical effects.

Last, but not least, the multiscale approach proposed here is, by no means,

limited to microtubules. Several structures in biology display a similar or-

ganization in their architectures (e.g. actin filaments, silk, cellulose) and

some of them are extremely relevant in medicine (e.g. amyloid fibrils). In al

these cases, it is quite well known that small changes in the molecular struc-

tures (caused by the interaction with drug molecules, hormones and other

proteins) are responsible for large variations in their macroscopic properties,

whether elastic or simply structural. Hence, we are confident that our pro-

posed approach might turn useful in several circumstances and thus increase

the contribution of Physics in the constant drift of Biology from a qualitative

to a more quantitative discipline.
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Appendix A

Main input file

To run a simulation in LAMMPS an input file is required, in which all

parameters and commands are defined. The following file is a sample of

the actual configuration file used in the present work, which is slightly more

complex.

Most of the commads are almost self-evident in their meaning, less in their

syntax, and the choice of constants is discussed in the previous chapters. It is

worth highlighting that the order of the commands is important, for example

read_data must preceed the definition of the force field, or the integrator

fix nve has to be defined before the run command. Different quantities can

be computed on the fly by the software and printed out in the log file, such as

the velocity autocorrelation function or the temperature of a group of atoms.

It is not required that topology data be separated from the force field file,

though it is common practice to do so.

The simulation starts by means of the shell command in a Linux environ-

ment:

lmp_g++ -l log.<name> -in in.<name>
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########################################
# #
# Filename: in.mt_2000nm #
# #
########################################
# Variables
variable d index csld
variable simname index mt2000_$d

# Initialisation
units nano #default dt =0.00045
boundary p p p
atom_style molecular

newton off

read_data mt_2000nm.data

# Force Field potential
neighbor 40 bin #skin = 40nm; bin style
neigh_modify every 10000 delay 0

bond_style harmonic # cost(=k/2) position
bond_coeff 1 22350. 4.05 #a-b
bond_coeff 2 9000. 4.05 #b-a
bond_coeff 3 6800. 5.11 #lat

angle_style harmonic # cost(=k/2) angle
angle_coeff 1 1000. 180
angle_coeff 2 4250. 152.8

dihedral_style harmonic # cost(=k/2) angle
dihedral_coeff 1 20. -1 2

pair_style lj/cut 12
pair_coeff * * 1.38 4.8

# minimize
min_style hftn
minimize 1.e-6 1.e-6 1000000 1000000

# defining groups and freezing the edge
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group edge id 1 2 3 4 5 6 7 8 9 10 11 12 13
group others subtract all edge

fix freeze edge setforce 0.0 0.0 0.0
velocity edge set 0.0 0.0 0.0
velocity others create 100 123456 dist gaussian

reset_timestep 0

compute Vacf others vacf

dump 2 all xyz 2000 ${simname }.eq.xyz
dump_modify 2 sort id

# equilibration
fix integrate others nve
fix thermostat others temp/csld 100.0 300.0 0.0024 25415

thermo_style custom step temp etotal c_Vacf [4]
thermo 1000
timestep 0.00005
run 2000000

write_restart restart.${simname}
unfix integrate
unfix thermostat
undump 2

dump 2 all xyz 20000 ${simname }.run.xyz

# run
fix integrate others nve
fix thermostat others temp/csld 300.0 300.0 0.0024 25995
thermo_style custom step temp c_thermostat_temp etotal
thermo 20000
timestep 0.00005
restart 500000 restart_$d_1 restart_$d_2
run 100000000
unfix integrate
unfix thermostat
undump 2



Appendix B

Topology file

The following is the topology file mt_2000nm.data required by LAMMPS.

It is called inside the main input file in.mt_2000 and consists of:

• declaration of the numbers of every used element defined by the cho-

sen atom_style, in this case molecular, which requires atoms, bonds,

angles, dihedrals and impropers;

• declaration of how many different types of elements the user is going

to use, in order to check if the required parameters for every type are

fulfilled;

• declaration of the box boundaries (the units are defined in the above-

mentioned input file);

• definition of the masses for each atom type;

• actual topologic data, with a proper header for each section.

This file was created by Python script from scratch, following the outlined

setup discussed in chapter 3.
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# Blank lines are required.
6188 atoms
12360 bonds
12344 angles
6149 dihedrals

2 atom types
3 bond types
2 angle types
1 dihedral types

-1000.0 3000.0 xlo xhi #box dimensions
-400.0 400.0 ylo yhi
-400.0 400.0 zlo zhi

Masses

1 0.09133
2 0.09133

Atoms # atom -number mol -ID type -ID x y z

1 1 1 4.2 10.5 0.0
2 1 1 5.169 9.297 -4.879
...

Bonds # bond -number bond -type atom1 atom2

1 1 1 14
2 3 1 2
...

Angles

1 1 1 14 27
2 1 2 15 28
...

Dihedrals

1 1 1 14 27 40
2 1 2 15 28 41
...



Acknowledgements

Thanks.

69



Bibliography

[1] P. Nelson. Biological Physics. W. H. Freeman, 2002.

[2] Howard J. Mechanics of Motor Proteins and the Cytoskeleton. Sinauer
Associates, 2001.

[3] H. Li et al. “Microtubule structure at 8 Å resolution”. In: Structure
(2002).

[4] J. Zhang and C. Wang. “Molecular structural mechanics model for the
mechanical properties of microtubules”. In: Biomechanics and Modeling
in Mechanobiolgy (2014).

[5] D. Chrétien and S. D. Fuller. “Microtubules switch occasionally into
unfavorable configurations during elongation”. In: Journal of Molecular
Biology (2000).

[6] R.G. Burns. “Alpha-, beta-, gamma-tubulins: Sequence comparisons
and structural constraints”. In: Cell Motility and the Cytoskeleton (1991).

[7] E. Nogales et al. “High-resolution model of the Microtubule”. In: Cell
(1999).

[8] D. Fygenson, J.F. Marko, and A. Libchaber. “Mechanics of Microtubule-
Based Membrane Extension”. In: Phys. Rev. Lett. 79 (1997).

[9] D. Nicolau Jr. et al. “Parallel computation with molecular-motor-propelled
agents in nanofabricated networks”. In: Proceedings of the National
Academy of Sciences (2016).

[10] O. Kratky and G. Porod. “Röntgenuntersuchung gelöster Fadenmoleküle”.
In: Recueil des Travaux Chimiques des Pays-Bas (1949).

[11] L.D. Landau et al. Theory of elasticity. Elsevier, 1986.

[12] R. Phillips, J. Kondev, and J. Theriot. Physical Biology of the Cell.
Garland Science, 2009.

[13] F. Gittes et al. “Flexural Rigidity of Microtubules and Actin Filaments
Measured from Thermal Fluctuations in Shape”. In: The Journal of
Cell Biology (1993).

70



BIBLIOGRAPHY 71

[14] C.H. Wiggins et al. “Trapping and Wiggling: Elastohydrodynamics of
Driven Microfilaments”. In: Biophysical Journal (1998).

[15] P. Benetatos and E. Frey. “Depinning of semiflexible polymers”. In:
Phys. Rev. E (2003).

[16] L. P. Kollar and G.S. Springer. Mechanics of Composite Structures.
Cambridge University Press, 2003.

[17] F. Pampaloni et al. “Thermal fluctuations of grafted microtubules pro-
vide evidence of a length-dependent persistence length”. In: Proceedings
of the National Academy of Science (2006).

[18] C. Heussinger, F. Schüller, and E. Frey. “Statics and dynamics of the
wormlike bundle model”. In: Physical Review E (2010).

[19] T. Hawkins et al. “Mechanics of microtubules”. In: Journal of Biome-
chanics (2010).

[20] M.E. Janson and M. Dogterom. “A bending mode analysis for growing
microtubules: evidence for a velocity-dependent rigidity”. In: Biophys-
ical journal (2004).

[21] P.J. Keller et al. “Three-dimensional Microtubule Behaviour in Xeno-
pus Egg Extracts Reveals Four Dynamic States and State-Dependent
Elastic properties”. In: Biophysical Journal (2008).

[22] Viktória Hunyadi et al. “Why is the microtubule lattice helical?” In:
Biology of the Cell (2007).

[23] O. Konova et al. “Tubulin bond Energies and Microtubule Biome-
chanics Determined from Nanoindentation in silico”. In: Journal of the
American Chemical Socciety (2014).

[24] S. Kasas et al. “Mechanical Properties of Microtubules Explored Using
the Finite Elements Methods”. In: ChemPhysChem (2004).

[25] T. Ding and Z.Xu. “Mechanics of Microtubules from a Coarse-Grained
Model”. In: BioNanoScience (2011).

[26] D. B. Wells and A. Aksimentiev. “Mechanical Properties of a Complete
Microtubule Revealed through Molecular Dynamics Simulation”. In:
Biophysical Journal (2010).

[27] H. Sim and D. Sept. “Properties of microtubules with Isotropic and
Anisotropic Mechanics”. In: Cellular and Molecular Bioengineering (2013).

[28] Jin Zhang and Chengyuan Wang. “Free vibration analysis of micro-
tubules based on the molecular mechanics and continuum beam the-
ory”. In: Biomechanics and Modeling in Mechanobiology (2015).



BIBLIOGRAPHY 72

[29] Molecular structural mechanics model for the mecanical properties of
microtubules. “J. Zhang and C. Wang”. In: Biomechanics and Modeling
in Mechanobiology (2014).

[30] D. Frenkel and B. Smit. Understanding Molecular Simulation: From
Algorithms to Applications. Academic Press, 1996.

[31] M. E. Tuckerman. Statistical Mechanics: Theory and Molecular Simu-
lation. Oxford University Press, 2009.

[32] D. E. Shaw et al. “Anton, a special-purpose machine for molecular
dynamics simulation”. In: Communications of the ACM (2008).

[33] G.A. Voth. Coarse-Graining of Condensed Phase and Biomolecular
Systems. CRC Press, 2008.

[34] S.J. Marrink et al. “The MARTINI Force Field: Coarse Grained Model
for Biomolecular Simulations”. In: The Journal of Physical Chemistry
B (2007).

[35] Marco A. Deriu et al. “Tubulin: from atomistic structure to supramolec-
ular mechanical properties”. In: Journal of Materials Science (2007).

[36] X. Ji and X. Feng. “Coarse-grained mechanochemical model for simu-
lating the dynamic behaviour of microtubules”. In: Physical Review E
(2011).

[37] L. Verlet. “Computer "Experiments" on Classical Fluids. I. Thermo-
dynamical Properties of Lennard-Jones Molecules”. In: Physical Review
(1967).

[38] William C. Swope. “A computer simulation method for the calcula-
tion of equilibrium constants for the formation of physical clusters
of molecules: Application to small water clusters”. In: The Journal of
Chemical Physics (1982).

[39] T. Schneider and E. Stoll. “Molecular-dynamics study of a three-dimensional
one-component model for distortive phase transitions”. In: Phys. Rev.
B 17 (1978).

[40] G. Bussi and M. Parrinello. “Accurate sampling using Langevin dy-
namics”. In: Physical review E (2007).

[41] C. W. Gardiner. Handbook of Stochastic Methods. Springer, 2003.

[42] S. Plimpton. “Fast Parallel Algorithms for Short-Range Molecular Dy-
namics”. In: Journal of Computational Physics (1995).



BIBLIOGRAPHY 73

[43] Aidan P. Thompson, Steven J. Plimpton, and William Mattson. “Gen-
eral formulation of pressure and stress tensor for arbitrary many-body
interaction potentials under periodic boundary conditions”. In: The
Journal of Chemical Physics (2009).

[44] I. E. Awad. “Mechanical Integrity and Fabrication of Carbon Nanotube/Copper-
based Through Silicon via”. PhD thesis. University of Connecticut,
2016.

[45] G.E.P. Box, W.G. Hunter, and J.S. Hunter. Statistics for Experimenters.
John Wiley & Sons, Inc., 1978.


	Introduction
	1 Biological overview
	1.1 What are Microtubules?
	1.2 Microtubules role in a cell

	2 Elastic properties: state of the art
	2.1 Theoretical Background
	2.1.1 Measuring the persistence length
	2.1.2 A different point of view

	2.2 Experimental outlook
	2.3 Computer simulations on microtubules

	3 Towards a coarse grained model of microtubules
	3.1 Molecular Dynamics in a nutshell
	3.2 All-atoms versus Coarse-Grained
	3.3 Model of the system
	3.4 Integrator
	3.5 Langevin Dynamics
	3.6 Lammps implementation
	3.6.1 Input file
	3.6.2 Box deformation

	3.7 Analysis and results
	3.7.1 Persistence Length
	3.7.2 Young's modulus

	3.8 Further developments
	References

	Conclusions
	A Main input file
	B Topology file
	Acknowledgements
	Bibliography

